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Abstract. In his 1953 paper [Matem. Sbomik 33 (1953), 597 - 626] Mark 
Krein presented an example of a symmetric rank one perturbation of a self- 
adjoint operator such that for all values of the spectral parameter in the interior 
of the spectrum, the difference of the corresponding spectral projections is not 
trace class. In the present note it is shown that in the case in question this differ- 
ence has simple Lebesgue spectrum filling in the interval [—1,1] and, therefore, 
the pair of the spectral projections is generic in the sense of Halmos but not 
Fredholm. 



The spectral shift function plays a very important role in perturbation theory for 
self-adjoint operators. It was introduced in a special case by I. Lifshitz 1 8 1 and in 
the general case (in the framework of trace class perturbations) by M. Krein in his 
celebrated 1953 paper |7 1. He showed that for a pair of self-adjoint not necessarily 
bounded operators Aq and Ai such that their difference Ai — Aq is trace class there 
exists a unique function ^ G L^(M) satisfying the trace formula 

(1) tr(v9(Ai) - 99(^0)) = / ^'{x)ax)dx 



whenever ip belongs to a class of admissible functions. Surprisingly, the condition 
93 e alone does not imply the validity of the trace formula (Q (see (9)). 

If one goes ahead and formally puts 92 = i'^ Q ^^^^ Xfi ^ characteristic 
function of the interval 6^ := {— 00, fi), one would arrive at the "naive Lifshitz 
formula" 

(2) e(M)=tr(EA,(5^)-E^„(5^)), 

where Eaj{S^) denotes the spectral projection for the operator Aj, j = 0, 1, asso- 
ciated with the semi-infinite interval 6^. Note, that representation ^ holds for all 
/i G A whenever A is a joint spectral gap for the operators Aq and Ai. 

In general the right hand side of ^ does not make sense: In Section 6 of Q 
Krein presented an example of two self-adjoint operators such that their difference 
Ai — Aq is of rank one but E^^((5^) — E^p(5^) is not trace class and, hence, the 
trace in the r.h.s. of ^ is ill-defined (we refer the reader to the review EJ for the 
further discussion). 

In this example Krein introduces a bounded integral operator Aq in L^(0, 00) 
with kernel given by 



AQix,y) 



sinhxe ^, x < y 
sinh y , x > y 
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and its rank one perturbation Ai with kernel 

Ai{x,y) = Ao{x,y)+e-''e-y 

so that 

, , , I coshxe"^, X < y 
[cosh ye , x > y 

In fact Aj, j = 0, 1, are resolvents of the Dirichlet (j = 0) and Neumann (j = 
1) one-dimensional Laplacian —cP/dx^ at the spectral point —1. Obviously, the 
operators Aj, j = 0, 1, have simple, purely absolutely continuous spectrum filling 
in the interval [0, 1]. 

Krein shows that the difference 

(3) K^:=Eai(5^)-Eao(<^m)' 0</i<l, 

of the spectral projections for the operators Ai and Aq is the integral operator with 
the kernel kf^{x + y), where 



^ ^ 2 sinVARx 

TT X 

with 

A(/x) = --1, 0<;U<1. 

As noted by Krein in Q the operator K^, < < 1, is not Hilbert-Schmidt, 
since for any A > 

roo rco ^^^2 + y) , , sin^ U , 

/ / -K dxdy = / du = oo. 

Jo Jo [x + vY Jo u 

Employing the theory of Hankel operators it not hard to show that the op- 
erator K^j, < /i < 1, has an absolutely continuous spectrum [—1, 1] of uniform 
multiplicity one. However, to the best of our knowledge there are no general cri- 
teria guaranteeing the absence of singular spectrum for this operator. In particular, 
the related results of |5l|, O are not applicable to the case in question. 

In the present note we perform a detailed spectral analysis of the operator K^. 
Our result is given by the following 

Theorem 1. For any < ;U < 1 the operator defined in ^ has a simple purely 
absolutely continuous spectrum filling in the interval [—1, 1]. 

Proof Observe that Kn, < u < 1, is unitary equivalent to Ki with the unitary 

2 

equivalence given by the scaling transformation 

Ux : fix) ^ X^/^fiVXx), f G L\0, oo). 

That is. 

Therefore, it suffices to prove the theorem for the operator Ki . For brevity we 

2 

set K := Ki. Since 

2 

2 sin X 1 



J 2e-'*^dt, 
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the operator K is a Hankel integral operator with discontinuous symbol 

10, (^[-1,1] 

In the Hilbert space i'^ of complex square-summable one-sided sequences x 
{xo,xi, . . .} introduce the Hankel operator H{cl)) with symbol given by 

1 - 



1, 



1 + 

which is the characteristic function of the set {z G C| |z| = 1, Re z > 0}. That is, 



oo 



{H{(l))x)n = Cn+k+lXk, X = {xq, Xi, ...} £ i\. 
k=0 

where are Fourier coefficients of the function (/>, 

Ck = — e''=V(e'^)d0 = \ sin(7rA:/2), A; G N. 
2tt Jo ttk 

The operators K and H^cp) are unitarily equivalent (see, e.g., flOl p. 14]). For any 
p ^ N let Hp and Hp be the p-shifted Hilbert matrices on i"^, 

oo oo 

{Hpx)n = Y.{n+k+l-p)-^Xk, {Hpx)n = J2{-ir+Hn+k+l-p)-W 
k=0 k=0 

In particular, Hq is the standard Hilbert matrix. 

Denote by (respectively the set of all sequences in £^ with vanishing 
odd (respectively even) elements, that is, 

= {x G £l\x2k+i = VA; G No}, 

£_ = {x G el\x2k = VA; G No}. 

Let be the orthogonal projections in i"^ onto respectively. 

Observe that = for all A; G 2N, = for all k G 4No + 1, and 
Cfc = for all k G 4No + 3. This immediately implies that = 

and = 0. Furthermore, for any x G we have 

Thus, is unitarily equivalent to the operator tt^^Hi/2 on Similarly, 

for any x G XL- we have 

which implies that T^H{(j))T- is unitarily equivalent to (— vr^^ff_i/2) 

Since for any p ^ N the operators ffp and Hp are unitarily equivalent, we 
have that the Hankel operator -ff (0) is unitarily equivalent to the orthogonal sum 
'K~^Hij2 © {—T^~^H_ij2) with respect to the orthogonal decomposition £^ © 

By a result of Rosenblum 1 1 1 Theorem 5] for any p < 1/2 the spectrum of the 
operator operator Hp is purely absolutely continuous, has uniform multiplicity 1, 
and fills the interval [0, vr]. This completes the proof of the theorem. □ 
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We conclude our note by a remark of geometric character. 

Remark 2. Since for any fi G (0, 1) the essential spectrum of fills in the in- 
terval [—1, 1], one concludes that the pair {Ea-^{6^), Eaq{6^)) of the spectral pro- 
jections is not Fredholm in the sense of (Ti. Moreover, the absence of the discrete 
spectrum of implies that the subspaces Ran E/i^((5^) and Ran Eao{6^) are in 
generic position in the sense of Halmos 1 3 1. In particular, 

Ker(E^,(5^)-EAo(5^)±/) = {0} 

for all /i G (0, 1). 

References 

[1] J. Avron, R. Seller, and B. Simon, The index of a pair of projections, J. Funct. Anal. 120 (1994), 
220 - 237. 

[2] M. Sh. Birman and A. B. Pushnitski, Spectral shift function, amazing and multifaceted, Integr. 

Equal. Oper. Theory 30 (1998), 191 - 199. 
[3] P. R. Halmos, Two subspaces. Trans. Amer. Math. Soc. 144 (1969), 381 ~ 389. 
[4] J. S. Howland, Spectral theory of self-adjoint Hankel matrices, Michigan Math. J. 33 (1986), 

145- 153. 

[5] J. S. Howland, Spectral theory of operators of Hankel type, I, Indiana Univ. Math. J. 41 (1992), 
409 - 426. 

[6] J. S. Howland, Spectral theory of operators of Hankel type, II, Indiana Univ. Math. J. 41 (1992), 
427 - 434. 

[7] M. G. Krein, On a trace formula in perturbation theory, Matem. Sbornik 33 (1953), 597 - 626 

(Russian). MR 0060742 (15,720b). 
[8] I. M. Lifshitz, On a problem of perturbation theory, Uspekhi Mat. Nauk 7 (1952), 171 - 180 

(Russian). 

[9] V. V. Peller, Hankel Operators and Their Applications, Springer, New York, 2003. 
[10] S. C. Power, Hankel Operators on Hilbert Space, Pitman, Boston, 1982. 
[11] M. Rosenblum, On the Hilbert matrix, II, Proc. Amer. Math. Soc. 9 (1958), 581 - 585. 

V. KOSTRYKIN, INSTITUT FUR MATHEMATIK, TECHNISCHE UNIVERSITAT CLAUSTHAL, 

Erzstrasse 1, D-38678 Clausthal-Zellerfeld, Germany 

E-mail address: kost rykinSmath .tu-clausthal.de, kostrykin@t-online.de 

K. A. Makarov, Department of Mathematics, University of Missouri, Colum- 
bia, MO 65211, USA 

E-mail address: makarovSmath . missouri . edu 



